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Inverse Problems are Ubiquitous in Systems and Control
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An inverse problem can be made well-posed via a relevant inductive bias

FORWARD PROBLEM
« UNIQUE SOLUTION

INVERSE PROBLEM

« NON-UNIQUE SOLUTION

System

. Observables
Dynamics

Need to use appropriate inductive bias while inferring functional relationships from datal!

Real-world systems often lack good quality data, but
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“PHYSICS-INFORMED ML” exploits “the laws of physics”
(e.g., Mechanics, Thermodynamics) in its design!

Architecture
of
ML Pipeline

Al/ML SYSTEMS

v’ Better generalization
v Data-efficiency

Learning

Objective Dataset

Value Proposition

v' Transparency / Grey-box models
v Increase in learning speed
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Hamiltonian dynamics with control offer a natural framework for modeling a
large class of systems

- 0H 1 [0H

\P lg]= agH +[g?q)]u= —OI (I) g_gl +[g?q)]u

dq | %
» Generalized Coordinate — g
P » Generalized Momentum — p
endulum

= Hamiltonian — H — which usually represents the total energy

1
H(q.p) =5 p'M~ (qp + V(q)}<—PotentiaI energy

Kinetic energy

= External Control — u
=
Cart-pole

Resistive
Elements

X = (](x) — D(x))VxH + g(x)u

=¥ B eromnecton
y =g ()Vx Symmetric, Positive-semid& IR : :
Skew-symmetric

Port-Hamiltonian System:

Environment
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How do we encode Hamiltonian dynamics into neural network architecture?

Available data: (q,p,u);,...c,

Consider an ODE — x = fy(x,u), where fy(x) is parametrized by a neural network

Use Neural ODE Solvers !4 to obtain: X, ,%;,,..,X; = ODESolve(x;,, fg,u, to, ..., ty)

Minimize an appropriate penalty function d(:,-) (e.g., MSE, MAE) to find a suitable f,(-)

n
L= Z d(xti, ,x'\tl.)
=1

i 5H91’92 7]
0 0 = Myt = Lg. LY - Fully-connected Feedforward Network
symplectic  fo@pw=| o |+, " olu T Me @ = Laks, Ul
ODENet - 691'92 93 = Vp,(q) - Fully-connected Feedforward Network
- q

1 = go,(q) - Fully-connected Feedforward Network
Hg, 0,(q,p) = > p My (@p + Ve, (q)

We use mean-squared error (MSE) as the penalty function!
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Can Symplectic ODENet infer the dynamics of a pendulum from data?

 Prediction of test trajectories (u = 0)

Trajectory Prediction

Trajectory Prediction

Trajectory Prediction
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Bridging this gap through an angle-aware Design

O Theoretical perspective: Convenient to deal with independent generalized coordinates and momenta, i.e.,
(q.p).

J Data-driven perspective: Angle coordinate — g — is often embedded in (cos g, sin q) format, since treating g
as a variable in R! fail to respect the geometry that g lies on the manifold S*. Also, the velocity data — g — is
often more readily available than the momentum data p.

Question: Can we bridge this gap?
Define (x,x,,x3) = (sing,cosq,q)

Use chain-rule and Hamiltonian dynamics to express the dynamics of (x4, x5, x3)

p=M(xy,x;) - x3

.":Cl = —singq ° q= —Xz° q C.I:aH(xl,xz,P)

Xy = c;sq oq=Xx1°(q ; where, B _aH?i’l,xz,p) (e 1)U

x3 = E(M_l(xlle)p) = aM_l(xler) Pt M_l(xlrxz) ) p P 6H6q a: v
=x2°ax1_x1°ax2+g(x1:xz)u
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Angle-aware Design leads to performance improvement

> Learned functions

a(q) M~(q) V(q)
4 4 20 -
= Ground Truth = Ground Truth
31 == = SymODEN Bge,(q) 3 == = SymODEN BVq,(q)
10 -
2 2
-
1 N Ground Truth 0 // \\ /’\\
— = SymODEN M;X(q)/B S’ N
0 0 : :
-4 =2 0 2 4 -4 =2 0 2 4 -4 =2 0 2 4
q q q

> Prediction

Gray: Ground Truth

Orange: Prediction

Baseline Model-variant Symplectic ODENet
No energy conservation Unstructured Hamiltonian Structured Hamiltonian
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Extending the scope to accommodate dissipation, embedded
representation, and contacts/collisions

Simplifying Hamiltonian and Lagrangian Neural
Networks via Explicit Constraints

Marc Finzi* Ke Alexander Wang” Andrew Gordon Wilson
New York University Comell University New York University

ICLR 2020 Workshop on Integration of Deep Neural Models and Differential Equations (DeepDiffEq)

91 (x X ) Di1SSIPATIVE SYMODEN: ENCODING HAMILTONIAN DYNAMICS
2 WITH DISSIPATION AND CONTROL INTO DEEP LEARNING
é Yaofeng Desmond Zhong'* Biswadip Dey?!, and Amit Chakraborty*
tPrinceton University , ¥Siemens Corporation, Corporate Technology
y.zhong@princeton.edu, (biswadip.dey,amit.chakraborty)@siemens.com
x ,x o o o L3
(¥3%4) Extending Lagrangian and Hamiltonian Neural
Naive Baseline Unstr. Dissipative SymODEN SymODEN Dissipative SymODEN N o R
’ : ~ ’ \ ’ Networks with Differentiable Contact Models
N N 'N 'N
:: :: : :: BN Yaofeng Desmond Zhong', Biswadip Dey’, Amit Chakraborty'
; g g tSiemens Technology, Princeton, NJ 08536, USA.
"3 2 10 1 2 3 -3 2 -10 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 {yaofeng.zhong, biswadip.dey, amit.chakraborty}@siemens.com
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An alternative approach: Encoding physics into the learning objective

Neural Net

Differential Equation

du du d*u P
it T\ Wy’

Sparse Measurement

Temperature for training (K)
Z=-21 mm

Temperature learned by PINN (K)
Z=-21mm

85 340 85

k|

330

320

NN(6)

Automatic

Differentiation

gR_du du dzu_/1
S TERACY T

Backpropagatlon

Lossgqrq(u, @)

LOSSphysics (R)

Correct PDE

ut + (wug + vuy) = —pg + 0.01(ugz + uyy)
v + (g + vvy) = —py + 0.01(ves + vyy)

Identified PDE (clean data)

ug + 0.999(uuy + vuy) = —pg + 0.01047 (Ugy + Uyy)

Identified PDE (1% noise)

)
vt + 0.999(uvy + vvy) = —py + 0.01047 (Vzz + vVyy)
g + 0.998(ut, + vuy) = —py + 0.01057 (Ugy + Uyy)
vy + 0.998(uvy + vy) = —py + 0.01057 (veg + vyy)

Raissi, Perdikaris, Karniadakis | PINN: A DL framework for solving forward and inverse problems involving nonlinear PDEs | J. Comp. Physics
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Cai et al. | Flow over an espresso cup | J. Fluid Mech.
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Key Take-away

v Physics-informed ML exploits the underlying laws of physics to define
an appropriate Inductive Bias (e.g., ML architecture, Loss function) for
the solving the inverse problem

v This leads to improvement in model transparency, learning speed,
data efficiency, and generalization performance

biswa-dey(@ieee.org
https://d-biswa.github.io/
@DBiswadip
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